Abstract. The so-called Ding-Chen ring is an n-FC ring which is both left and right coherent, and has both left and right self FP-injective dimensions at most n for some non-negative integer n. In this paper, we investigate the classes of the so-called Ding projective, Ding injective and Gorenstein flat modules and show that some homological properties of modules over Gorenstein rings can be generalized to the modules over Ding-Chen rings. We first consider Gorenstein flat and Ding injective dimensions of modules together with Ding injective precovers. We then discuss balance of functors Hom and tensor.
Introduction and preliminaries
Non-commutative Gorenstein rings were defined and studied by Iwanaga in [21] and [22] . Later Enochs and Jenda defined and studied the so-called Gorenstein projective, Gorenstein injective and Gorenstein flat modules and developed Gorenstein homological algebra [14] on modules over such rings. Those modules over general associative rings have also been studied by Holm in [18] and [19] . The point of this paper is to describe how the homological theory on modules over a Gorenstein ring generalizes to a homological theory on modules over a so-called Ding-Chen ring.
In [26] , Stenström introduced the notion of an FP-injective module and studied FP-injective modules over coherent rings. An R-module E is called FPinjective if Ext 1 R (A, E) = 0 for all finitely presented R-modules A. More generally, the FP-injective dimension of an R-module B is defined to be the least integer n ≥ 0 such that Ext n+1 R (A, B) = 0 for all finitely presented R-modules A. The FP-injective dimension of B is denoted FP-id R (B) and equals ∞ if no such n above exists. FC rings, as the coherent version of quasi-Frobenius rings where Noetherian is replaced by coherent and self injective is replaced by self FP-injective, were introduced by Damiano in [3] . Just as Gorenstein rings are natural generalizations of quasi-Frobenius rings, Ding and Chen extended FC rings to n-FC rings [4, 6] which are seen to have many properties similar to those of n-Gorenstein rings. Just as a ring is called Gorenstein when it is n-Gorenstein for some non-negative integer n (a ring R is called n-Gorenstein if it is a left and right Noetherian ring with self injective dimension at most n on both sides for some non-negative integer n), Gillespie first called a ring Ding-Chen when it is n-FC for some n [17] . Definition 1.1. A ring R is called an n-FC ring if it is both left and right coherent and FP-id( R R) and FP-id(R R ) are both less than or equal to n. A 0-FC ring is just called FC. A ring R is called Ding-Chen if it is an n-FC ring for some non-negative integer n.
Recall from [14] that an R-module M is Gorenstein projective if there exists an exact sequence · · · −→ P 1 −→ P 0 −→ P 0 −→ P 1 −→ · · · of projective R-modules with M = Ker(P 0 −→ P 1 ) such that Hom(−, P ) leaves the sequence exact whenever P is a projective R-module. An R-module N is called Gorenstein injective if there exists an exact sequence · · · −→ I 1 −→ I 0 −→ I 0 −→ I 1 −→ · · · of injective R-modules with N = Ker(I 0 −→ I 1 ) such that Hom(I, −) leaves the sequence exact whenever I is an injective R-module. As special cases of the Gorenstein projective and Gorenstein injective modules, the Ding projective and Ding injective modules were introduced and studied by Ding, Mao and co-authors in [24] and [7] as strongly Gorenstein flat and Gorenstein FP-injective modules respectively. These two classes of modules over coherent rings possess many nice properties analogous to those of Gorenstein projective and Gorenstein injective modules over Noetherian rings. For example, when R is an n-Gorenstein ring, Hovey [20] showed that the category of R-modules has two Quillen equivalent model structures, i.e., the Gorenstein projective model structure and the Gorenstein injective model structure. Similar results were shown by Gillespie in [17] when R is an n-FC ring.
Definition 1.2 ([7]
). An R-module M is called Ding projective if there exists an exact sequence of projective R-modules
with M = Ker(P 0 −→ P 1 ) and which remains exact after applying Hom(−, F ) for any flat R-module F .
Definition 1.3 ([24]
). An R-module N is called Ding injective if there exists an exact sequence of injective R-modules
with N = Ker(I 0 −→ I 1 ) and which remains exact after applying Hom(E, −) for any FP-injective R-module E.
Note that every Ding injective (respectively, Ding projective) R-module N is Gorenstein injective (respectively, Gorenstein projective), and if R is Gorenstein, then every Gorenstein injective R-module is Ding injective (respectively, Gorenstein projective) [17] .
Definition 1.4 ([16]
). An R-module M is called Gorenstein flat if there exists an exact sequence of flat R-modules
and which remains exact after applying I ⊗ R − for any injective right R-module I.
In [24] Given a class H of R-modules, we will denote the class of R-modules X satisfying Ext Let C be a class of R-modules and X an R-module. Following [9] , we say that a homomorphism f : C −→ X is a C-precover if C ∈ C and the abelian group homomorphism Hom R (
Dually we have the definitions of a C-(pre)envelope. C-covers (C-envelopes) may not exist in general, but if they exist, they are unique up to isomorphism.
Throughout we assume all rings have an identity and all modules are unitary. Unless stated otherwise, an R-module will be understood to be a left R-module. We denote the flat dimension of an R-module M by fd R (M ). The character module Hom Z (M, Q/Z) of the module M is denoted by M + .
Ding injectivity and Gorenstein flatness of modules
In this section, we first study the existence of Ding injective precovers of certain modules and then the duality properties between Ding injective and Gorenstein flat modules.
Recall that a short exact sequence, 0
The following result was proved in [24, Theorem 4.1] under an extra assumption that R is a perfect ring. Note that Xu proved in [27] that for a commutative ring R, a simple Rmodule is flat if and only if it is injective. Furthermore, Ding and Chen proved in [5] that if R is a commutative coherent ring, then the flat dimension and the injective dimension of any simple R-module are identical. In the following, we focus on Gorenstein flat and Ding injective dimensions of some special modules over Ding-Chen rings.
In a dual way, the Ding projective dimension, Dpd R (M ), of an R-module M can be defined. 
The Gorenstein flat dimension refines the classical flat dimension (see [14] and [18] ). Lemma 2.5. Let R be a Ding-Chen ring and n a fixed non-negative integer. Then the following statements are equivalent for a left R-module M :
( ( 
Lemma 2.7 ([25, Lemma 3.1]). Let R be any ring and I be an ideal of R such that R/I is a semi-simple ring. Then for any left R-module X and a positive integer n, Ext

Theorem 2.14. Let R be a Ding-Chen ring and R → S be a homomorphism of rings. If S E is an injective cogenerator for the category of left S-modules,
Proof. It is trivial that S can be regarded as a bimodule S S R , and S E can be regarded as a left R-module.
Let J be any FP-injective left R-module. Then for any n ≥ 1, we get that Ext
Because S E is an injective cogenerator for the category of left S-modules, Ext Proof. It follows easily from Theorem 2.14 since S + is an injective cogenerator for the category of left S-modules. □
Balanced functors
In this section, we investigate the balanced functors due to Enochs and Jenda [12, 13, 14] . We recall that if X , Y, B and E are classes of objects of an abelian category A, then we say Hom(−, −) is right balanced on X × Y by B × E if for any objects X ∈ X and Y ∈ Y there exist complexes
such that B i ∈ B, E i ∈ E for i ≥ 0 and such that Hom(−, E) makes the first complex exact whenever E ∈ E and such that Hom(B, −) makes the second complex exact whenever B ∈ B.
The definition above is easily modified to give the definition of a left or a right balanced functor − ⊗ − (see [12, 13, 14] for more details). We will let DP, DI, GF denote the classes of Ding projective, Ding injective, and Gorenstein flat modules, respectively. The category of left (respectively, right) R-modules is denoted by R M (respectively, M R ).
We begin with the following result. 
By the above, we see that for a Ding-Chen ring R, the class of all modules with finite flat dimension and the class of all modules with finite FP-injective dimension are the same, and we use W to denote this class throughout this section. Ding Proof. Easy. □ Definition 3.3. Let A be a class of R-modules.
In a dual way, a proper right A-resolution
From Lemma 3.2 above we get that if R is Ding-Chen, then every R-module X admits a proper left Ding projective resolution and a proper right Ding injective resolution. Proof. We split the proper left Ding projective resolution D (which is clearly seen exact since projective R-modules are Ding projective) into short exact sequences. Hence it suffices to show exactness of Hom R (T, C) for all Ding injective R-modules C and all short exact sequences
where D → X is a Ding projective precover of X (recall that Ding projective precovers are always surjective). By Lemma 3.2, there is a special short exact sequence, 
With a similar proof we get: (2) and (3) above.
Lemma 3.5. Assume that R is a Ding-Chen ring, Y is an R-module, and let
C = 0 → Y → C 0 → C 1 → · · ·· · · → Dext i R (M, −) → Dext i R (M ′ , −) → Dext i+1 R (M ′′ , −) → · · · .· · · → Dext i R (−, N ) → Dext i R (−, N ′′ ) → Dext i+1 R (−, N ′ ) → · · · .
Proposition 3.8. Assume that R is a Ding-Chen ring, X is an R-module, and let m be a non-negative integer. Then the following statements are equivalent:
(1) l.Dpd R (X) ≤ m. Proof. This easily follows from Propositions 3.8 and 3.9 above. □
Corollary 3.12. Assume that R is a Ding-Chen ring. Then any submodule of a Ding projective R-module is Ding projective if and only if any quotient of a Ding injective R-module is Ding injective.
Proof. This is an immediate consequence of Theorem 3.11 by setting m = 1. □ (4) and (5) above.
Lemma 3.13. Assume that R is a Ding-Chen ring, X is an R-module, and let
Naturally, we want to know what relationships there are between the new functor Dext (respectively, Dtor) and the classical one Ext (respectively, Tor), and we have the following result. ( 
and so the first two maps are isomorphisms. Hence Dext N ) is an isomorphism. The result now follows by induction on i.
(2) The proof is similar to that of (1) . (3 
by [6, Theorem 5] and [7, Proposition 2.3] . But Tor Proof. Use Propositions 3.9 and 3.16. □
We also have the following result.
Proposition 3.19. Let R be a Ding-Chen ring and
Proof. (1) Let N → C be a Ding injective preenvelope of N and K = C/N . Then we have the following diagram
(2) The proof is similar to that of (1) . □ ( It was shown in [15] that every module X has a Gorenstein flat cover over right coherent rings. The existence of Gorenstein flat covers was also proved for modules over more general rings (see [28] ). Thus we see that if R is right coherent, then every R-module X admits a proper left Gorenstein flat resolution. Now let H be a Gorenstein flat right R-module. Note that the sequence
If we consider the elements of Ext
is exact if and only if the sequence The proof is similar to that of (1) . □ This gives the following result. 
